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1. INTRODUCTION 
Fuzzy measure and integration theory was introduced by Sugeno [ 131 in 
order to deal with events affected by nonstatistical uncertainty. Further 
developments were concerned both with the analytical treatment of the 
concept of fuzzy measure-and its links with the classical measure theory 
(see, e.g., [3-5, 8, 9, 11, 14])-and the determination of a unique 
framework into which fuzziness and randomness can be set (see [7]). The 
main feature of the fuzzy measure in comparison with the classical one is 
the loss of additivity conditions, while continuity and monotonicity axioms 
are assumed. Our present aim is to exhibit some constructive examples of 
fuzzy measures, in terms of compositions of o-additive measures and 
suitable real valued functions. Furthermore we show some properties that 
are peculiar to the related class of the fuzzy measures above. 
2. CLOSURE PROPERTIES 
We shall consider fuzzy measures in the sense of [ 13, 73, i.e., we shall 
adopt the following definition. Let X be a set and 4 be a o-algebra of 
subsets of X. A fuzzy measure p is defined as a nonnegative, extended real 
valued set function p: A --+ [0, + co], with the properties: 
Fl. cl(@)=0 
F2. AcB*p(A)<p(B) 
F3. A,cAzc . . . . A.EA=E-~(U;=, A,,)=lim,p(A,) (lower semi- 
continuity) 
* Work performed under the auspices of the Consiglio Nazionale delle Ricerche. 
550 
0022-247X/92 $3.00 
Copyright 0 1992 by Academic Press, Inc. 
All rights of reproduction in any form reserved 
GENERATINGFUZZYMEASURES 551 
F4. A, xA23 . . . . A, E A, AA,) < ~0 3 A(),“= 1 A,) = iim, 1.44,) 
(upper semicontinuity). 
The triple (X, A, p) is called a fuzzy measure space. For the measure 
theoretical notations and the recalled results see [2]. The following closure 
properties hold. 
PROPOSITION 1.1. Let (X, A) be a measurable space, pL1, .. . . u,, a finite 
sequence qffuzzy measures on (X, A) and c, , . . . . c,~ nonnegative real numbers. 
Then the set functions V== V pi and p= C ciui are fuzzy measures. 
Furthermore, if all measures u,‘s are finite also 5 = A pi is u fuzzy measure. 
Proof Let us prove just that V is a fuzzy measure. To ease the notations 
let us consider, without loss of generality, the case n =2. It is 
+(0zI)=PLI(0) ” th(0)=0- 
For every A, BE A, A c B implies 
W)=p,(A) ” /J(,(A)Gp*(B) ” pL2(B)=iqB). 
In order to prove F3 let (Ak) be an increasing sequence of A : 
i(,Q,Ak)=~,(~,Ak)v~~(~,A,)=litn~,(a,)vli~p~(Ak) 
=kf, (~0~) v t4(Ak))=lip(Ak). 
The upper semicontinuity can be shown as follows. Let (Ak) be a 
decreasing sequence in A, G(A , ) < co. It is 
’ kfil Ak ( 1 
=li~P,(Ad” $W,(A,)= K (P,(Ak)” h(h)) 
k=l 
= lim $Ak), 
k 
as the sequence (F,(A~))~ is decreasing, for every i. 
The following Nikodym-like property [6] holds. 
PROPOSITION 1.2. Let (X, A) be a measurable space and (pn) a sequence 
of fuzzy measures which converges uniformly with respect to A E A to a set 
function u. Then u is a fuzzy measure. 
Proof Conditions (Fl ) and (F2) are evidently satisfied. From the 
equalities 
=limlim~,(Ak)=limlim~,(Ak), 
n n 
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-the last equality being guaranteed by uniform convergence of the 
pR’s-upper semicontinuity follows. Analogously lower semicontinuity can 
be shown. 
3. GENERATING FUZZY MEASURES BY COMPOSITIONS 
PROPOSITION 3.1. Let p be a fuzzy measure on the measurable space 
Gf, A), g : 10, PWI + R+ an increasing nonnegative continuous function, 
with g(0) = 0. Then the set function g 0 p is a fuzzy measure on (X, A). 
ProoJ: Conditions (Fl) and (F2) trivially hold. Furthermore, for every 
increasing sequence (A,) in A, 
=g Uim P(A,)) = limg(AA.)). 
n n 
Analogously the upper semicontinuity can be shown. 
COROLLARY 3.1. Let p be a a-additive measure on the measurable space 
(XA) and g: L~PL(X)I--~R+ an increasing nonnegative continuous 
function, with g(0) = 0. Then go ,u is a fuzzy measure on (X, A). 
Remark 3.1. The corollary above allows us to construct examples 
of fuzzy measures from well-known real functions and measures, e.g., eP, 
arctanp, log( 1 + ,u), $‘, for a > 0 and 
g(p(A))=~~'~'.l(x)d~', 
where ,u’ is a Lebesgue measure in R, and f (x) 2 0 integrable in [0, p(X)]. 
Let us remark that the supremum of a family of fuzzy measures is not, 
in general, a fuzzy measure for the upper semicontinuity can fail [9]. 
In order to show a sufficient condition for a supremum of fuzzy measures 
to be itself a fuzzy measure, let us recall the following definition [l]. 
Let (X, 4) be a measurable space and (,u& an arbitrary family of 
o-additive measures on (X, A). The family (,u~), is said to be uniformfy 
additive if for every sequence (X, ) c 4 such that lim X, = 0, then 
lim sup p? (X,) = 0. 
n x 
PROPOSITION 3.2. Let (X, A) be a measurable space and (pm) a family of 
uniformly additive measures such that sup(pL,) < + 00. Then the set function 
fi:A~A-*supp~(A) 
I 
is a sub-additive fuzzy measure on (X, 4 ). 
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PCQO~: Properties (Fl ), (F2), (F3), and sub-additivity of ,ii follow easily 
(see also [9]). 
Let now prove the above semicontinuity of p. If (X, ) is a decreasing 
sequence in A such that X, 1 X, setting Y, = X, - X, then, by sub-additivity 
of ii and uniform additivity of (p,), we have 
lim p( X, ) < lim j( Y, ) + p(X) = p(X). 
On the other hand, by monotonicity of ji, 
lim p(X,,) >, i&Y). 
We are now able to prove the announced result. 
PROPOSITION 3.3. Let (X, A) be a measurable space, (p,) a uniform 
additive family on (X, A) such that sup, pL,(X) < + 00 and g : R+ -+ R+ an 
increasing continuous function with g(0) = 0. Then the set function 
is a fuzzy measure. 
Proof By Proposition 3.2 sup pI is a fuzzy sub-additive measure. Then, 
by continuity of g and Proposition 3.1, v is a fuzzy measure, too. 
PROPOSITION 3.4. Let (X, A) be a measurable space (p, ) a sequence of 
a-additive finite measures on (X, 4 ) such that lim I*,, (A) exists for every 
AEA and g:R+-+R+ an increasing continuous function with g(0) =O. 
Then the function 
v:A~A+limg(p,(A)) 
n 
is a fuzzy measure on (X, 4 ). 
Proof: By Corollary 3.1 the g(p,)‘s are fuzzy measures on (X, A). 
Furthermore, by Nikodym’s theorem [6] the function p = lim p,, 
is a o-additive measure. Then g(p) is a fuzzy measure. Therefore by the 
continuity of g, 
v = lim gh I= g(lu). n 
Let us now mention some well-known properties of measure theory that 
remain valid in the fuzzy case. 
PROPOSITION 3.5. Let (X, 4 ) be a measurable space, p a finite measure 
on(X,A),g: R+-+R+ an increasing continuous function with g(0) = 0, and 
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(Ai), jE I, a family of arbitrary cardinality (card.J) in 4, such that 
AinA,=@, i#j. Then 
card{iEZ:g(p(Aj))>O}<card N. 
ProoJ We just observe that 
{iEZ:g(p(A;))>O} c (i~Z:p(A;)>o}, 
and the last set has cardinality not greater than card N, as p is a o-additive 
measure. 
Let ,X E ( - 1, cc ) be a real number. A fuzzy measure p on (X, 4 ) is called 
l-additive [13] if p(X) = 1, and, whenever A, BE 4 and A n B = @, then 
AA u B) = AA I+ P(B) + MA 1 P(B). 
Remark 3.2. The validity of Proposition 3.5 can be proved also for 
super-additive fuzzy measures, for instance, when p is l-additive, with 
E” > 0. 
Let us recall now the following result due to Kruse [4]. If p is a 
i-additive fuzzy measure, ;1# 0, on (X, A ), then 
p” = (log( 1 + Sp)) . (log( 1 + 2)) - ’ 
is a probability measure on (X, A). 
The result allows us to prove the following proposition that, in some 
sense, inverts Corollary 3.1. 
PROPOSITION 3.6. Let (X, 4 ) be a measurable space, p a l-additive fuzzy 
measure, i # 0, then p = g(p* ), where g satisfies the conditions of Proposi- 
tion 3.3., and p* is a probability measure. 
Proof: It is sufficient o assume 
g(y)=((l +A)?- 1)/l 
and recall the mentioned Kruse’s result. 
4. A POSSIBLE EXTENSION 
The concept of fuzzy measure can be enlarged by considering relative 
fuzzy measures. 
DEFINITION 4.1. Let (X, 4 ) be a measurable space. A real valued set 
function v defined in A is said to be a relative fuzzy measure if v(a) = 0 
and v is upper and lower semicontinuous. 
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A class of relative fuzzy measures can be determined following the 
composition procedure used in Section 3. Precisely it is easy to see that 
PROPOSITION 4.1. Let (X, A) be a measurable space, p a relative measure 
on (X, A ), g : R + R an increasing continuous function, with g(0) = 0. Then 
the set function g 0 ,u is a relative fuzzy measure on (X, 4 ). 
A Hahn decomposition property holds. Indeed, under the previous 
hypotheses and the additional condition 
it is X = P u N, where P and N are positive and negative sets, respectively, 
i.e., g@(A)) 2 0, for every A E 4, A c P, and g@(A)) f 0 for every A E 4, 
A c N. 
Note added in proof: Fuzzy measure and integration theory finds generalizations and 
improvements into the framework of the measures that are decomposable w.r. to triangular 
conorms (see S. WEBER, Decomposable measures and integrals for archimedean f-conorms, 
J. Math. Anal. Appl. 101(l) (1984), 114138; M. SQUILLAN~E AND A. G. S. VENTRE, A Yoshida- 
Hewitt like theorem for decomposable measures, Ricerche di Mufemafica 37(2) (1988), 
203-212). 
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